
Math 451: Introduction to General Topology
Lecture 13

Det
.

Let X be a topological space .
Call a collection 2 of open subsets of X a

prebasis lalso subbasis
,
but I don't like this since "sub" suggests it being a sabeet of

a basis) if 23 generates the topology of X.
basis if every mnempty open set in X is an arbitrary) union of rets from B.

Examples. (a) In a metric space X , open balls from a basis for the topology induced by the

metric since by definition a set is open in X if it is a unior of open
balls .

16) In a metric
space (X ,

d)
,
the collection

B : = ( B=
(x) : xEX and neIN")

is a basis for X
.

Proof
.

Fix
any nonempty open UEX. For each xEU Here is an open ball Brk *V

↓ some vc0
.
At UxENN

+ be large enough so thatr hearB
Run U= Bi

(c) In IR
,

bad open intervals form a basis by example (a) because they are exactly the

open balls. The collection

H : = ( (a ,d) ,
( &

,
a) : a +(1)

is not a basic
,
well

, because 10
,
1 is not a union of wh inst

,
in fact

,
no set in

5) is contained in 10
,
1. However

,
It is a prebasis since each

open
interval /9

,
b)

is as intersection of two sels in 57
, namely ,

(a
,
6) = ( ,

971(a
,

8).

(d) In I* will its usual metric
,
I+0

,
the cylinders from a basic bease they are exactly

the balls in Im
. We nor define a probasis which is not a basis. For each if IN

and rez
, put [it] : = [xtIN : x(i) = 0

.



Claim
.
The collection E : = ( Cit+] : iCIN and &EZ3 is a prebasis.

Proof
.

Since cylinders from a basic
,
it is enough to Mor that E generates all clinds-

In fact
, every cylinder [m)

,
where WEICN

,
in a finite intersection of at

in 2 : (n] = 1 Citwib] .

i h(w)

Recall that cylinders are clopen ,
so we have a basis ofdoper sets. A topological

space admitting a basis of clopen sets is called O-dimensional . The
,
IIN

is O-dimensional.

() In IRY
,

the collection B of all open boxes is basis.

Recall that an open box is acet of the form F
, xIzx ...xIn

,
where each IpEIR is

an open interval.

Proof
.
Fix awonempty open UIIR" .

Then each xell has an open
ball BrEE

for some r - 0. We choose 310 wall enough so that U
d
-

the box R : = 11 (xi - 2
,

Xi + 3) = Bo(x). Br(x)
i= 1 ⑮suc an 230 exists bene to each ye R,

& ly , x) =V:Xil V : V . ,

so it's enough to take 3<%/.

convention. An empty intersection of subsets of a set X is defined to be X
,
i

. e.

if I is an index at and XisX for each i, then if I = Q
,
then

Xi : = X
.

Cor . let 3 be a prebasis for a topological space X.
(a) The collection & of all finite intersections of rts in 3 is a basis

.

NoteWhat &AGX since X is the empty intersection of why in E.

(6) If 2 is closed under finite intersections land XEE) When 2 is a basis.

Proof.

We already provedIt last time
,
and 187 follows from 1).



Characterization of basis .
Let X be a hop , space .

A prebasis 3 Gr X is a basis=>
for every pair U

,
V . &

, every UNV admits WEE such that xe We RIV

Proof
.

E
.

If I is a basis
,

then
every nonempty open set is U

W

a union of sele in 3
.

In particular, for U
,
VEE cit

. UNVE, ·X

W

UNV is a union of sets in 2
,

so each xUNV belongs
to one

of the als W in that union.

E
. Suppose the right side .

To show that 3 is basis
,
it suffices to dow let any white

intersection U:Hi of Sets UIEE is union of set in I bense the collection
in

2 is basic .
For his it's enough to dow let every xeU has a not WES

with XEWEU because this would make 14 : = UNX
.
Fix xEU .

We prove byX
icu

induction on n
. Suppose the statement is true

**
for net and we prore for n.

let U : = 1 : .
Then xEU' and we alread know by induction that IVEE

isn-1
such But x EVEU'

.

Since xell
, xE Un ,

so xEVeUne and both

V
,
UnaE 3

.

Thus
, by the osumption 7 We3 with X W = V1Un 'MUn = li.

kn

We now consider an interesting example of a topology onC which is Hansdorff and

Pedimensional
, using which we will give a funny proof that here are -many primes.

The definition will only use the group structure of ( , t) and can be defined more

generally for arbitrary groups.

The profinite topology on 1
.

Let I be the collection of all withmetic progressins in,
i

. e. sets of the form

a + 64 : = (a + bz : zt2)
where a

,
bE*. Note What 62 is a subgroup of I and at bl is a cost of

that subgroup .
All subgroups of 7 are of the form be be core bEE

,
so 2 is

simply the collection of all cosets of all subgroups of.
let to be the hopology generated by 3

.
This topology is called the prefinite

topology on 1
,
and can be defined for any group as the topology generated by



all cos of all subgroups,
but we will only discuss it fo - mee.

Claim
.
3 is closed under finite intersections

,
and heare is a basis for Tp

.

Proof
.
HW

Claim
.
Each set atbe2 is open ,

so to is O-dimensional.

Proof
.
Indeed

,
latb) = VC + 62)

,
here latb)" in

open so at62 is closed
,
have

0x < 16)
dopen . + a

Claim
. To is invariant under translation by any at I as well as inversion,

:

. e .

if UETp then at 1 and -U are also in To
Proof. Since 2 is a basis

,
it is enough to check for sets in 2

,
30 fix c +de3 .

Then a+ (c + d4) = (a +c + d=3 and b . ( +d() = (b.c) + (6d) . LEE .

Claim
. Tp is Hauschoff.

Proof. For any distinct a
,
bet

, maysure and WLOG
. By translation invariance,

we wasassure NLOG No a = 0 Dreplace a and 6 with ana and bra).

The (b+D = a = 0 and b + (b+1-6 and 1 + 1)21 16 + 16 +15) = & bene

they are distinct cosets of the same subgroup (check yourself).


